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A typical

MDOF system



Equation of motion of the system with no damping and  

no external force is given as

This represents a set of N homogenous ordinary differential  

equations of motion coupled through m and k matrices

It required to solve the equations under initial conditions



Instances a, b, c

Free vibration is initiated  

With arbitrary initial  

Displacements Shown

in curve a

Observed motion of mass m

Observed motion of mass 2m



Under arbitrary displacements of each mass (initial condition)  

We observe that the motion is not simple harmonic and

Frequency of mass can not be defined

Further, deflected shape (Ratio u1/u2) varies with time

On the other hand for SDOF system the motion is always

harmonic when displaced by any arbitrary displacement
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Under these conditions of displacements

i. Both masses reach max disp at same time

ii. Both masses pass through equilibrium position at same time
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General comments on MDOFÅF
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Free vibration of an undamped system in one of its natural  

Mode of vibration is given by

Time variation of displacement under simple harmonic motion is  

given as



Natural vibration frequencies and  

modes contd

combined equation is written as

substituting this function in equation of  

motion for the entire structure we get
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Thus either

or the natural modes and frequencies  

must satisfy the algebraic equation



Natural vibration frequencies and  

modes contd
Above equation is rewritten as

This is a set of N homogeneous algebraic  

equations. Non trivial solution is possible for these  

equation if  if

This is the so called characteristic / frequency  

equation



The determinant, on expansion , gives a polynomial of order N  

Giving N real and positive roots for natural frequency

Positive roots of above equation are the N natural

frequencies of vibration for n = 1,2,3 é. N

They are also called Eigen values or characteristic values

For each value of we can solve homogenous equation

And obtain vector -- eigen vector which gives shape of  

the vibrating structure when one of the value is fixed as 1
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Shear building

Mass matrix

Stiffness matrix

h

h

I of col = Ic



Subbstituting K and M in following equation

We get following polynomial equation



For each of these values we solve the following equation

We get eigen vectors as



Modal expansion of displacements

U1= q1ű11+q2ű12  

U2= q1ű21+q2ű22



Modal expansion of displacements contd.
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Natural modes corresponding to different natural  

frequencies can be shown to satisfy following  

orthogonality condition wrt mass and stiffness

We shall verify the same with a 2 DOF system and then  

prove it for general case



Verification of orthogonality of modes 1 and 2



Proof of orthogonality of any two distinct modes of natural vibbration

Betty maxwelôs reciprocal theorem

Work done by one set of forces on the deflections  

caused by Other set of forces

is equal to

Work done by other set of Forces on the  

deflection caused by first set of forces

For system under natural vibration only inertia forces are

Acting on the system




